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2.0 VENN DIAGRAMS

270 TTAQICIa TOU TTPOYPAPUOTOG OTTOUOWY £VOG TTIPOTITUXIOKOU
TTpoypapuaTog, ol 100 goITnTES TOU TURUATOG ONAwaav Ta
TTOPAKATW PaBriparta eTAOYAG:

28 dNAwaoav OikovoueTpia
31 dnAwaoav AoyIoTIKN
42 dnAwoav MNapaywya
9 dnAwaoav TouAhaxioTov OikovoueTpia Kal AOYIOTIKI)
10 dNAwaoav TouAdayxioTov OiKovoueTpia Kal [Napaywya
6 OnAwoav TouAdayioTov AoyioTikr Kal MNapdywya
4 dnAwaoav kal Ta 3 yadnuara
Na arravTnOouv ol TTapaKATW EPWTNOEIC:
a. [1ooor goitntéc dev dnAwaav Kavéva uabnua;
B. [16oor poitntéc mnpav OikovoueTpia aAAa oxi AoyioTikA N
lNapaywya;
v. [16oor poirntéc mnpav OikovoueTpia kal AoyioTiky aAAG oxi
[Napaywya,



2.0 VENN DIAGRAMS (CONTINUED)

ATTdvinon

Kataokeuadoupe 1o dlaypaupa Venn 1o OTToio OTTEIKOVICE!
TNV TTAPATTAVW EIKOVA:

A: OhkovopeTpia

()

I': Hapdayeya
i 20




2.1 BASIC CONCEPTS

Statistical Experiment: A well defined (!)
procedure resulting to an outcome

This procedure can be repeated
The set of all possible outcomes is a priori known

The outcome of the experiment is not known
beforehand

Agiypatikog Xwpog - Sample Space: The set of
all possible outcomes

2T1oIXe1wdeg Evoexopuevo - Elementary Event:
any element of the Sample Space

Event: Any set of elementary events

Complement (ZuptrARpwua) of an event, A, is the
event that A does not occur. It is denoted by A



2.2 NOTIONS OF PROBABILITY

KAaoikn MBavornta - Classical (a priori)
Probability:
To OXETIKO HEYEBOG £VOC evdEXOMEVOU, A, WG TTPOC TO
LMEYEBOC TOU DEIYUATIKOU XWPOU
Eival pia BewpnTik £vvola
2XETIKA ZuxvoTnTa (Relative Frequency) —
Eutraipikn Moeavoérnta (Empirical Probability)
O AOGyOC TWV POopwWV TTOU TTPAYUATOTTOIEITAI
(epavideTal) Eva eVOEXOUEVO WC TTPOC TO OUVOAIKO
apIBUO TWV TTAPATNPACEWV.
YTrokeipyevikn MoOavornTa (Subjective
Probability)
2XETICETAI UE TNV TTANPOPOPIa TTOU £XEI Eva ATOUO, KAl
TTWG TNV ACIOTTOIEI.



2.3 AZIOMATA THS TIOGANOTHTAS (INFORMAL)

H mBavotnta KaBe evOEXOUEVOU TTAIPVEI TIMEC

avaueoa oto O karoto 1 (0 < P(4) < 1).

Av éva evdexlduevo, A,cival «BERaloy» ToTe P(A)=1

Av T1a evdexopeva A Kal B gival ¢Eva JeTacu Toug

(dnAadn A N B = @) 161¢ P(AUB) = P(A)+P(B)
2nueiwon: H toun A N B yia cuvTtopia 8a cupuBoAileTal
AB.



2.4 RELATIONSHIPS BETWEEN EVENTS

["evikd, OTav Ogv yvwpiloupe av IoxUel 0Tt AN B = @,
P(A U B) = P(A)+P(B) - P(ANn B)
Avecaptnoia (independence): Two events are independent if
P(AnB)=P(A) x P(B)
or equivalently
P(B|A)=P(B) and P(A|B)=P(A)
where P(B|A) (deopeupévn mBavoTtnTa) is the probability that B
occurs given that A occurs too.
It holds that when P(A) is not 0, P(B|A)=P(A n B)/P(A)
Therefore P(A n B)=P(A) x P(B|A) .
Similarly, P(A n B)=P(A|B) x P(B)
These two relationships show the equivalence of the definitions of
Independence
If Aand B are not independent we say that they are
dependent



2.5 BAYES' THEOREM AND THE LAW OF TOTAL
PROBABILITY

Combining the last two expressions of P(AB) we

have P(A) x P(B|A) = P(B) x P(A|B), therefore
P(A|B)=(P(A)/P(B)) x P(B|A) (Bayes’ Theorem)

For many events, A, A,, ..., A, B, we can obtain

the general form of Bayes’ Theorem

P(A;) x P(B|4;)

P(A;|B) = —
Al 2., P(A;) x P(B|A)




2.5 BAYES' THEOREM AND THE LAW OF TOTAL
PROBABILITY (CONTINUED)

If Aisaneventand A, A,, ..., A, ... IS a sequence
of mutually disjoint events whose union is the
sample space, then

P(A)=P(ANA)+ P(ANA)+...+ P(ANA))+...

If instead of the probabillities of the intersections we
know the probabilities P(A,), P(A,), ..., P(A,), ...
and the probabilities P(A|A,), P(A|A,), ..., P(AJA,),
... as well, then the equivalent formula is

P(A) = P(A)P(AIA)+ P(A)P(AIA)+...+
P(A)P(AIA)+...



2.6 AXIOMS OF PROBABILITY (FORMAL)

Let Q be the sample space. The probability is a function P which assigns a
value between 0 and 1 (these values included) to (some of the) subsets of

Q.

Axiom 1: For any subset A for which probability is assigned, P(A)=0.
Axiom 2: P(Q)=1
Axiom 3: For any sequence A, A, ..., A, A,.1,... of mutually exclusive

events for which probabilities are assigned, then
P(AorA,or...orA,orA,,or...)=PA)+P(Ay)+...+P(A)+P(A . )*...

Note:

In many cases, we cannot (or we do not know if we can) assign a probability to any
subset of Q. However, we can show that there is a sufficiently wide class, F, of
subsets of Q on which we can assign a probability (in other words, we can assign a
Prcl)é))ability to any event A which belongs in this class). This class is a o-algebra (o-
ield).

What is a o-algebra? It is a class, F, of subsets of a set Q, whose elements
(subsets of Q) satisfy the following:
Q is an element of F.
If the event A is an element of F, then its complement (A’) is also an element of F.
For any sequence A}, A,, ..., A, A,.1,... Of elements of F, their union (i.e. the event
described as (A, or A, or ... orA,orA,,; or...)or U,eny4y, ) Iis also an element of F.

The triplet (Q,F,P) is called: Probability Space (Xwpog MéavdotnTag)



2.7 KATANOMES (DISTRIBUTIONS)

Aim at describing the probabilities of the occurrence
of an event
In simple cases this is possible

In general this is not possible for any event but it is OK
for a very wide class of events



2.8 TYXAIEZ METABAHTEZ (RANDOM
VARIABLES)

It is useful to assign each outcome of an
experiment to a number.

In other words: We can define a function from the
sample space to a subset of real numbers.

This function is called Random Variable (RV)
It has to satisfy a condition that we will not mention here
If all of its values are discrete, we call it “discrete
random variable” (diakpITA T.4.)

Av TO OUVOAO TWV TIMWV TNG ATTOTEAEITAI ATTO

IO TAUATA OTN YPAMMA TWV TTPAYMATIKWY ApPIOUWY TOTE
AEUE OTI Exoupe piIa ouvexn 1.4. (“‘continuous random
variable”)



2.9 NOTIONS CONCERNING DISCRETE
PROBABILITY DISTRIBUTIONS

Probability function of a Discrete RV: The set of all
possible values of the RV paired with their
corresponding probabilities of occurrence (i.e. the
probability of occurrence of the event which is
mapped by the RV to the specific value)

If X Is a random variable we write
P(x)=P(X=x)=P(A;) where A, is the set of all
elementary events w of the sample space, for
which X(w)=x.

Expected Value (or Mean) of X:

E[X]:z(over all i) XiP(Xi)

Variance of X:

V(X)=E[(X-E[X]) °]= Z over aniy Xi-E[X])?P(x)



2.10 DISTRIBUTIONS OF DISCRETE RVS

Uniform distribution: Each value of the random
variable X has the same probability
P(x;)=a.

If the number of possible values of X is d, then a=1/d
Bernoulli distribution: X can take only the values
0 and 1. If we write P(1)=p then
P(0)=1-p and the distribution of X is given by
P(X)=p* (1-p)**where x is either 1 or 0

A Bernoulli distribution describes a random experiment

with only two possible outcomes



2.10 DISTRIBUTIONS OF DISCRETE RVS
(CONTINUED)

Binomial Distribution

If we have:

(i) n trials of a random experiment (with a Bernoulli distribution)
(i) the Bernoulli distribution is the same in each trial (same p)
(ii) the trials are independent

the binomial distribution gives the probability that we had
a specific number of “successes” (i.e. of 1) as outcomes
of the n trials.

It has the following probability distribution

P(k)=(n!/[(n-k)'k!]) p* (1-p)"k
where k can be any integer in the range of [0,n]

kl=1x2x3x...xkandnl=1x2x...Xxn



2.10 DISTRIBUTIONS OF DISCRETE RVS
(CONTINUED)

Poisson distribution

Is used to describe the probability that something
occurs x times within a specific time interval, given that

the average number of occurrences within this interval
IS A
Each occurrence is independent to the others
A does not change during the experiment
P(x)=(NY/x!) e
If X Is a Poisson random variable, then
E[X]=Var(X)=A
P(N)=(AMN) P(N-1)



ASKHZH 2

Na KOTOOKEUAOETE TO KATAAANAO XWPEO TTI0avoTnTac
YIQ TO TUXaio Treipapa «Pixvw Eva vOPIoUa 2 pOpPECY.
Mapadeiypa o-aAyeBpac atroteAEi To duvauoouvoAo Tou Q (1o
oupuBoAiloupe pe 29) dnAadr} To aUVoAo TTou TTEPIEXEI OAa Ta duvaTd
utTooUVoAa Tou Q. Av 10 Q TTEPIEXEI N OTOIXEIO TOTE TO
duvapuooUvoAo Ba €xel 2" aToixeia (UTTooUVoAa Tou Q).

[0 TO TUXQIiO TrEipapa TTou e¢eTaloupe Ba gixaue

QVOAUTIKQ:

Q:={KK,I'T,KI,[K}

29:={ @, Q, KK, KI, TK, T, {KK,KI'}, {KK,['K},

{KK,I'T}, {KT, 'K}, {KT, I'T}, {TK, I'T},

{KK,IT,KM{KK, IT, TK}, {I'T, KT, TK}, {KK, KT, TK} }




ASKHZH 2 (CONTINUED)

[MBavoTtnrec:

Evbexouevo P()
1) 0
Q 1
KT 0.25
K 0.25
rr 0.25
KK 0.25
KK,KI 0.5
KK,I'K 0.5
KK,I'T 0.5
KI,IK 0.5
K[, 0.5
MK, rr 0.5
KK,IT,Kl 0.75
KK,IT,T'K 0.75
KM rk 0.75

KK,KT,TK 0.75



AZKHZH 3

2TIG €¢eTdOEIC e€aprjvou divovTal 5 TBavEC aTTavTAOEIS YIa KABE EpUWTNON ME CWOTH va
gival yovo n pia atré auteg. O egeTalOUEVOC €iTe YVWPICEl TNV ATTAVTNON JE TTIBavoTNTA
0.7 cite atravrdel otn TUXN. Na BpeBei n mBOavoTnTa 0 £€TA(OPEVOC VA YNV OTTAVTACEI
oTNV TUXN 0£dOoPEVOU OTI ATTAVTNOE CWOTA O€ Mia EpwTNON.

Auon:
Opiloupe Ta £€AC eVOEXOMEVQ:
A: O ggeTalbuevog amavid cwaoTda
B: O e¢etalopevog AEN atravrd otnv tUxn = N'vwpidel Tnv atmavinon
'vwpilouue OTI:
P(B)=0.7
P(A|B)=1
P(A|B)=0.2
To ¢nToupevo cival P(B|A) To oTroio oup@wva Pe To kavova Tou Bayes €ivai:
P(BJA)=P(A|B) x P(B) / P (A)

Emropévwg, xpeladeTal va uttohoyiooupe mn P(A) n otroia oUu@wva e To Bewpnua
OAIKAg MBavoTnTag Ba civai:

P(A)=P(B)P(A|B)+P(B)P(A| B)=0.7x1+0.3x0.2=0.76
Etropévwg Ba €xoupe:
P(BJA)=(1x0.7)/0.76=0.9210



